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We develop the formal approach to a scheme for simultaneous generation of nonlocal quantum
correlations in the spin and orbital degrees of freedom of hyperentangled photon pairs. The scheme
is based on an entangled photon source pumped by a laser beam structured with a vector vortex
polarization profile. This creates a two-photon quantum state exhibiting polarization dependent
transverse correlations that can be accessed through coincidence measurements on the spatially
separated photons. The calculated correlations are shown to present a spin-orbit profile typical of
vector beams, however distributed on separate measurement regions. Our approach allows the design
of the pump beam vector spatial structure and measurement strategies for potential applications of
these entangled states such as in quantum communication.
PACS numbers: 03.65.Vf, 03.67.Mn, 42.50.Dv
I. INTRODUCTION
Quantum technologies based on photonic devices re-
quire coherent control of different optical degrees of free-
dom. The interplay between polarization and transverse
modes of a laser beam has been successfully exploited
in a number of quantum and classical experiments. In
the quantum domain we can quote different applications
such as simulations of quantum algorithms [1–3], quan-
tum random walks [4], environment induced entangle-
ment [5, 6], decoherence [7], non-Markovianity [8], quan-
tum communications [9] and quantum sensing [10, 11].
The structural nonseparability between polarization and
transverse modes has been approached from different
points of view [12–19] and has been used for investigating
important properties of entangled states [20–22]. Quan-
tum inspired experiments in classical optics has led to
interesting applications such as the mode transfer be-
tween different degrees of freedom using the teleporta-
tion algorithm [23–25]. Tripartite nonseparability has
also been studied in classical optics using polarization,
transverse and longitudinal modes[26]. All these devel-
opments were considerably favored by the development
of important tolls for spin-orbit coupling in laser beams
[27–30]. These developments made possible the imple-
mentation of alignment-free quantum cryptography with
vector beams [31–33].
In the quantum domain, the interplay between polar-
ization and spatial coherence of entangled photon pairs
was approached and has demonstrated quantum im-
age control through polarization entanglement in spon-
taneous parametric down conversion (SPDC)[34, 35].
SPDC is a reliable source of photon pairs entangled in dif-
ferent degrees of freedom [36]. The phase matching con-
ditions fulfilled by parametric interaction impose time-
energy, space-momentum and polarization constraints
that are at the origin of multiple quantum correlations
characterizing entanglement between the generated pho-
tons. This multiple entanglement in different degrees of
freedom is sometimes referred to as hyperentanglement
[37].
In this work we present the theoretical description of
photon pairs, simultaneously entangled in spin and or-
bital angular momentum, generated by the two-crystal-
sandwich SPDC source [38] pumped by a vector vortex
beam. The polarization dependent spatial correlations
between the down converted beams are calculated using
the formal approach developed in Ref. [35], where a setup
with similar characteristics was implemented. While the
individual intensity distributions of the down converted
beams do not carry the pump spin-orbit properties, the
quantum correlations between them exhibit the typical
polarization dependent spatial distribution of a vector
beam, as expected and experimentally observed in Ref.
[39]. Moreover, we also calculate the polarization de-
pendent correlations in the orbital angular momentum
(OAM) basis of the two-photon quantum state.
II. EXPERIMENTAL SCHEME FOR
SPIN-ORBIT HYPERENTANGLEMENT
Let us consider a frequently used source of polariza-
tion entangled photon pairs also known as two-crystal-
sandwich SPDC source [38]. It is composed by two iden-
tical nonlinear crystals placed close together with their
optical axes rotated by 90o relative to each other, as
shown in Fig. 1. A laser beam at frequency ωp and
wavector kp is used to pump the crystals and generate
photon pairs by spontaneous parametric down conver-
sion (SPDC). The down converted signal (s) and idler
(i) photons are generated with frequencies ωs and ωi ,
and wave vectors ks and ki , constrained by ωs+ωi = ωp
and ks + ki = kp , that express energy and momentum
conservation, respectively.
The pump beam is assumed to be prepared in a vector-
vortex mode of the kind
Ψ(r) =
ψ1(r)eˆH + ψ2(r)eˆV√
2
, (1)
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2where Ψ(r) is the classical field amplitude, eˆH and eˆV
are the horizontal and vertical polarization unit vectors,
respectively, and ψ1(r) and ψ2(r) are two orthonormal
functions that are solutions of the paraxial wave equa-
tion [40]. Those can be either Hermite-Gaussian (HG)
or Laguerre-Gaussian (LG) modes, for example. This
kind of internal non separability between the spin-orbit
degrees of freedom can be evidenced by measuring the
spatial mode after polarization filtering. For example,
if the vector-vortex mode given by (1) passes through a
polarization analyzer (a sequence of a quarter waveplate
(QWP) and a half waveplate (HWP)followed by a hori-
zontal polarizer, for example) characterized by angles γ
(QWP) and θ/2 (HWP) with respect to the horizontal,
the transmitted beam will exhibit a spatial function that
is the linear combination
ψγθ(r) = cos θ ψ1(r) + e
iγ sin θ ψ2(r) . (2)
Therefore, a variable spatial profile is manifested after
polarization projection. Interestingly, this feature can be
transferred to the spatial quantum correlations between
signal and idler photons generated by SPDC.
Under type-I phase matching, the vertically polarized
component of the pump beam generates a pair of hori-
zontally polarized photons in the first crystal and trans-
fers its accompanying transverse mode ψ1 to the spa-
tial quantum correlations of the down converted photons
[41]. In the same way, the transverse mode ψ2 is trans-
ferred to the spatial quantum correlations of the verti-
cally polarized down converted photons generated in the
second crystal. If the coherence length of the pump laser
is larger than the length of the two-crystal source, ver-
tically and horizontally polarized signal-idler modes will
add coherently and produce a two-photon vector vortex
state. A subtle and interesting effect takes place when the
polarization information of the down converted photons
is erased by means of a variable polarization measure-
ment. Two polarizers are used to set the measurement
bases before the photocounts are acquired by intensified
charge coupled device (iCCD) cameras, which register
the polarization-dependent spatial correlations. As we
will show, these correlations exhibit typical features of
vector beams, where polarization filtering is accompanied
by a variable spatial profile. However, in our proposal
this spin-orbit cross-talk is nonlocal.
III. THEORETICAL MODEL FOR SPIN-ORBIT
QUANTUM CORRELATIONS
Following the sketch of section II, we now develop a
theoretical approach for the spin-orbit quantum correla-
tions between signal and idler fields. Our strategy will be
first to obtain the quantum state produced by the SPDC
process and then use it to evaluate the spatial distribu-
tion of signal-idler intensity correlations. Let us start by
writing the positive and negative frequency parts of the
electric field operator of pump, signal and idler beams as
LASER
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FIG. 1: Setup for generation of two-photon vector vortex
states. Two nonlinear crystals cut for type-I phase match-
ing are placed close together with their optical axes rotated
with respect to each other. A pump beam prepared in a
vector-vortex mode can generate either horizontally polarized
photons in the first crystal or vertically polarized photons in
the second. Before detection, a polarization analysis (PA) is
performed in each detection arm. The polarization analyz-
ers are set to (θs/2(HWP ), γs(QWP )) for the signal beam
and (θi/2(HWP ), γi(QWP )) for the idler. After polarization
analysis, the down converted photons hit the iCCD cameras
that register the polarization-dependent spatial correlations.
a superposition of plane waves with vertical and horizon-
tal polarization
Eˆ+j (r, t) =
(
Eˆ+jH(r) eˆH + Eˆ
+
jV (r) eˆV
)
e−iωjt ,
Eˆ−j (r, t) =
[
Eˆ+j (r, t)
]†
, (3)
Eˆ+jµ(r) = i Ej
∫
aˆjµ(kj) e
ikj ·r d3kj ,
where j = p, s, i ; aˆjµ(kj) is the annihilation operator of
photons with wave vector kj and polarization µ = H,V ,
and Ej is a constant resulting from the quantization pro-
cess and having units of electric field.
The non linear coupling between pump, signal and
idler is described by the interaction Hamiltonian
HI(t) = χ e
−i∆ω tOI + χ ei∆ω tO
†
I , (4)
OI =
∫
V
(
Eˆ+pV Eˆ
−
sH Eˆ
−
iH + Eˆ
+
pH Eˆ
−
sV Eˆ
−
iV
)
d3r ,
where χ is the nonlinear susceptibility, V is the crystal
volume and ∆ω = ωp − ωs − ωi . The first term inside
the integral describes the annihilation of a V polarized
photon of the pump and creation of H polarized signal
and idler photons in the first crystal. The second term
describes the annihilation of a H polarized photon of
the pump and creation of V polarized signal and idler
photons in the second crystal.
3A. Two-photon spin-orbit quantum state
Up to first order in perturbation theory, the time evo-
lution operator in the interaction picture is
U (1)(τ) = 1− i
~
∫ τ
0
HI(t) dt (5)
= 1− iχ
~
sin (∆ω τ/2)
∆ω/2
(
e−
i
2∆ω τ OI + e
i
2∆ω τ O†I
)
,
where τ is the interaction time, which is assumed to be
the same for all three fields, pump, signal and idler, un-
der phase matching conditions. As we can see, the longer
the interaction time, the tighter the energy conservation
condition (∆ω = 0). At this point we can make the
monochromatic approximation for the pump laser and
assume the interaction time long enough to impose prac-
tically perfect energy conservation. In this case, the time
evolution operator becomes
U (1)(τ) = 1− iχτ
~
(
OI +O
†
I
)
. (6)
After passing through the crystals, the quantum state
of the interacting beams is given by
|Ψ(τ)〉 = U (1)(τ) |Ψ(0)〉 , (7)
where |Ψ(0)〉 = |ψ0〉p |0〉s |0〉i is the input state of pump,
signal and idler fields. Since signal and idler are initially
in the vacuum state, no contribution to the time evolu-
tion can appear from the O†I term because its action in-
volves the annihilation of signal and idler photons. The
pump laser will be treated as a monochromatic beam,
described by a multimode coherent state
|ψ0〉p =
∏
kp
|vH(kp)〉H |vV (kp)〉V , (8)
where
aˆµ(k) |vµ(k)〉µ = vµ(k) |vµ(k)〉µ , (9)
and vµ(k) is the coherent state amplitude associated with
wave vector k and polarization µ . After parametric in-
teraction, the quantum state of the pump, signal and
idler modes is given by
|Ψ(τ)〉 = |Ψ(0)〉 − iχτ
~
OI |Ψ(0)〉 . (10)
Let us work out the interaction term:
OI = −i EpEsEi
∫
d3kp
∫
d3ks
∫
d3ki F (kp,ks,ki)[
aˆpV (kp)aˆ
s †
H (ks)aˆ
i †
H (ki) + aˆ
p
H(kp)aˆ
s †
V (ks)aˆ
i †
V (ki)
]
, (11)
where we defined the phase matching function as
F (kp,ks,ki) =
∫
V
ei(kp−ks−ki)·r d3r
≈Lz
∏
l=x,y
2 sin [(kpl − ksl − kil)Ll/2]
kpl − ksl − kil , (12)
PUMP
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FIG. 2: Representation of the transverse momentum domains
for the pump, signal and idler beams.
with Ll being the crystal width along the l direction.
Note that we have assumed a longitudinally thin crystal
satisfying (kpz − ksz − kiz)Lz  1 . This results in
OI |Ψ(0)〉 = (13)
−i EpEsEi
∫
d3kp
∫
d3ks
∫
d3ki F (kp,ks,ki) |ψ0〉p
⊗
[
vpV (kp) |1ks,H〉 |1ki,H〉+ vpH(kp) |1ks,V 〉 |1ki,V 〉
]
,
where |1k,µ〉 is a single-photon Fock state with wave vec-
tor k and polarization µ . We assume that the pump
beam comes from a collimated and monochromatic laser
propagating along the z direction, so that we can approx-
imate
vpµ(kp) ≈ vpµ(qp) δ(kpz − k0) , (14)
where qp is the transverse and k0 is the longitudinal wave
vector component. Moreover, signal and idler photons
are detected at small solid angles along specific directions
compatible with the phase matching condition. This ge-
ometric configuration, together with interference filters
placed before the detectors, fix the selected wavelengths
of signal and idler. This also restricts their detected wave
vectors to a small neighborhood around their respective
solid angles Ωj (j = s, i). It will be useful to decompose
the wavectors into longitudinal (k
‖
j ) and transverse (qj)
parts kj = k
‖
j + qj , and apply the paraxial approxima-
tion |qj |  |k‖j | . In this case,
k
‖
j =
√
k2j − q2j ≈ kj −
q2l
2kj
. (15)
In the paraxial regime and with fixed wavelengths for
pump, signal and idler, the longitudinal wave vector com-
ponents are fixed and the relevant plane wave modes can
be labeled by the transverse wave vector q . The ampli-
tude distribution vpµ(q) represents the angular spectrum
carried by the pump polarization mode µ . The triple
integrals in Eq. (13) are reduced to double integrals over
a small domain Ωj around the main longitudinal compo-
nent, as illustrated in Fig. 2. Under these assumptions,
the two-photon quantum state can be written in terms
4of the transverse wavector distributions,
OI |Ψ(0)〉 = (16)
−i EpEsEi
∫
Ωp
d2qp
∫
Ωs
d2qs
∫
Ωi
d2qi F (kp,ks,ki) |ψ0〉p
⊗
[
vpV (qp) |1qs,H〉 |1qi,H〉+ vpH(qp) |1qs,V 〉 |1qi,V 〉
]
.
In most experiments for producing spatial quantum cor-
relations in SPDC, one deals with transversely wide
[(kpl−ksl−kil)Ll  1 for l = x, y] and longitudinally thin
[(kpz − ksz − kiz)Lz  1] crystals. In this case, a tight
phase matching condition is imposed on the transverse
components of the wave vectors and a lose condition ap-
plies to the longitudinal component. This approximation
can be expressed as
F (kp,ks,ki) ≈ Lz δ (qp − qs − qi) . (17)
In this case, the integration over qp can be readily per-
formed and the final expression for the quantum state
produced by the SPDC process is
|Ψ(τ)〉 = |ψ0〉p ⊗ (|0〉s |0〉i + |Φ〉si) , (18)
where
|Φ〉si = κ
∫
d2qs
∫
d2qi v
p
V (qs + qi) |1qs,H〉 |1qi,H〉
+ κ
∫
d2qs
∫
d2qi v
p
H(qs + qi) |1qs,V 〉 |1qi,V 〉, (19)
and κ ≡ −(χ/~)τLzEpEsEi . The expression in (19) en-
compasses the transverse momentum constraint between
signal and idler that gives rise to spatial quantum corre-
lations.
B. Spatial quantum correlations
In the paraxial regime, we can adopt scalar diffraction
theory to study the propagation of the interacting beams
after leaving the crystals. The relevant plane wave modes
are labeled by the transverse wave vector q and the pump
amplitude distribution vpµ(q) represents the pump angu-
lar spectrum carried by the polarization mode µ . At the
crystals’ center (z = 0), the spatial distribution of the
pump beam in each polarization component is given by
the following Fourier decomposition,
Wµ(ρ, 0) =
∫
vpµ(q) e
iq·ρ d2q , (20)
and the propagated field distribution is given by the Fres-
nel integral
Wµ(ρ, z) = e
ikz
∫
vpµ(q) e
i
(
q·ρ− q22k z
)
d2q . (21)
The multimode coherent state |ψ0〉p carries the spa-
tial properties of the pump beam in the Fourier domain
through the angular spectra vH(q) and vV (q) , indepen-
dently imprinted in each pump polarization component.
This will be crucial for the polarization-dependent spatial
correlations between signal and idler photons.
The longitudinal positions of signal and idler detec-
tors are fixed and the spatial quantum correlations are
measured as a function of their transverse position ρj
(j = s, i). We recall that a polarization analyzer is placed
before each detector. If we assume that these analyzers
are set at angles γj and θj/2 , then the electric field op-
erator in each detector is
Eˆ ′j (ρj) = cos θj EˆjH(ρj) + sin θj e
iγj EˆjV (ρj) . (22)
The intensity distribution in each detection arm is
I(ρj) = 〈Eˆ ′−j (ρj)Eˆ ′+j (ρj)〉
= ‖Eˆ ′+j (ρj) |Ψ(τ)〉‖2 , (23)
and the intensity correlations between the two detection
arms are
C(ρs,ρi) = 〈Eˆ ′−s (ρs)Eˆ ′−i (ρi)Eˆ ′+i (ρi)Eˆ ′+s (ρs)〉
= ‖Eˆ ′+i (ρi)Eˆ ′+s (ρs) |Ψ(τ)〉‖2 . (24)
In the monochromatic and paraxial approximations the
electric field operators can be written as
Eˆ+jµ(ρ) = i Ej
∫
aˆjµ(qj) e
i[qj ·ρ+ϕ(qj)] d2qj ,
ϕ(qj) =
√
k2j − q2j zj ≈ kj zj −
q2j zj
2kj
, (25)
where zj is the longitudinal distance between the crystals’
center and detector j .
Note that no contribution comes from the vacuum
component in |Ψ(τ)〉 , so that we only need to care about
contributions coming from |Φ〉si . The calculation of the
intensity distributions and correlations will be signifi-
cantly simplified by the definition of the following vectors
|αjµ〉 = Eˆ+jµ(ρj) |Φ〉si ,
|βµ〉 = Eˆ+iµ(ρi)Eˆ+sµ(ρs) |Φ〉si . (26)
We can easily workout these auxiliary vectors using
aˆµ(q
′) |nq,ν〉 = δµνδ(q− q′)√nq,ν |nq,ν − 1〉 . (27)
As detailed in Appendix A, the result for the individual
intensities of signal and idler is
Ij = cos
2 θjIH + sin2 θjIV , (28)
where j = s, i and
IH(V ) = κ2E2s
∫
d2ρ
∣∣WV (H) (ρ, z)∣∣2 . (29)
Note that the pump spatial properties are washed out
in the individual intensities. In contrast, the coincidence
5count distribution carries the spatial profile of the pump
beam, distributed in the joint coordinates of signal and
idler. The result derived in Appendix B is
C(ρs,ρi) = K
2
∣∣∣ cos θs cos θiWV (ρ+, z)
+ sin θs sin θi e
i(γs+γi)WH(ρ+, z)
∣∣∣2 , (30)
where we assume degenerate SPDC (ks = ki = kp/2) and
equidistant signal and idler detectors (zs = zi = z). In
this case, we have
ρ+ =
ρs + ρi
2
. (31)
Note that Eq. (30) shows simultaneous dependence on
the joint coordinates of signal and idler detectors and
on the joint orientations of their respective polarization
analyzers.
IV. NONLOCAL VECTOR VORTEX BEAM
We can now investigate the polarization dependent
spatial correlations when the pump beam is prepared in
a vector mode of the kind expressed in Eq.(1). For exam-
ple, let the pump beam be prepared in a superposition
of the Hermite-Gaussian mode (0, 1) with horizontal po-
larization and mode (1, 0) with vertical polarization so
that
WV (ρ) =
ψ10(ρ)√
2
=
x√
pi w2
e−(x
2+y2)/w2 ,
WH(ρ) =
ψ01(ρ)√
2
=
y√
pi w2
e−(x
2+y2)/w2 . (32)
The longitudinal dependence has been made im-
plicit in the variation of the mode width w(z) =
w0
√
1 + (z/zR)2 , where w0 is the mode waist and zR =
piw20/λ is the Rayleigh distance.
Then, the expression given in (30) brings us to
C(ρs,ρi) =
K2
pi w4
e−
2(xs+xi)
2
w2 e−
2(ys+yi)
2
w2 × (33)∣∣∣cos θs cos θi (xs + xi) + sin θs sin θi ei(γs+γi)(ys + yi)∣∣∣2 .
This expression shows simultaneous nonlocal behavior on
position and polarization settings. The spatial distri-
bution of the coincidence counts depends on the joint
orientations of the detection polarizers and on the joint
transverse positions of the detectors. The physical conse-
quence of this double nonlocal behavior can be revealed
by a simple measurement strategy. Let us set the sig-
nal polarization analyzer at γs = 0 and θs = pi/4 , so
that the polarization information of the signal photons is
erased, and the position of the idler detector kept at its
origin xi = yi = 0 . In this case, the resulting coincidence
qi
xs
ys
FIG. 3: Hermite-Gaussian coincidence pattern as a function
of the signal coordinates with the idler detector fixed at the
origin xi = yi = 0 and the signal polarization analyzer fixed
at γs = 0 and θs = pi/4 . The HG pattern follows the rotation
of the idler polarization.
pattern becomes
C(ρs,0) =
K2
2pi w4
e−
2(x2s+y
2
s)
w2
(
cos θi xs + sin θi e
iγiys
)2
.
(34)
We can see that the resulting coincidence pattern cor-
responds to the intensity distribution of a first order
Hermite-Gaussian mode function of the signal position,
transformed according to the parameters of the idler
polarization analyzer. In Fig. 3 we plot this coinci-
dence pattern as a function of the signal coordinates
ρs = (x, y), indicating that it follows the rotation of the
idler polarization analyzer. This situation is similar to
the one exhibited in Eq.(1), where the spatial profile after
transmission of a single vector beam through a polarizer
depends on the transmission angle. However, here we
have the orientation of the spatial pattern determined by
the angle of a remote polarizer. This effect can be useful
for remote alignment of quantum cryptography stations
or as a gyroscope, for example.
V. PUMPING WITH LAGUERRE-GAUSSIAN
BEAMS
It is also interesting to see how orbital angular mo-
mentum affects the nonlocal correlations. For this end
we assume the pump mode to be prepared in a superpo-
sition of Laguerre-Gaussian modes with zero radial order
and OAM −l with horizontal polarization and +l with
vertical polarization so that
WV (H)(ρ) =
√
2|l|
piw2
(
x± iy
w
)|l|
e−(x
2+y2)/w2 . (35)
6xs
ys
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qi=0
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FIG. 4: Laguerre-Gaussian coincidence pattern for an OAM
pump beam with l = 3 as a function of the signal coordinates.
The idler coordinates are fixed at the origin xi = yi = 0 and
the signal polarization analyzer is set to γs = 0 and θs =
pi/4 . The LG coincidence pattern is modified as the idler
polarization settings are changed.
Then, the coincidence counts are given by
C(ρs,ρi) =
K2
pi w4
e−
2(xs+xi)
2
w2 e−
2(ys+yi)
2
w2 × (36)∣∣∣cos θs cos θi [(xs + xi) + i(ys + yi)]|l|+
sin θs sin θi e
i(γs+γi) [(xs + xi)− i(ys + yi)]|l|
∣∣∣2 .
As before, the measurement strategy to evidence the non-
local spin-orbit correlations will be to fix the idler detec-
tor at its origin xi = yi = 0 and to fix the signal po-
larization analyzer at θs = pi/4 and γs = 0 . Then, the
coincidence pattern as a function of the signal coordi-
nates becomes
C(ρs,ρi) =
K2
2pi w4
e−
2(x2s+y
2
s)
w2 × (37)∣∣∣cos θi (xs + iys)|l| + sin θi eiγi (xs − iys)|l|∣∣∣2 .
This result shows that any mode in the OAM Poincare´
sphere [42] can be produced in the coincidence pattern
by scanning of the signal detector and varying the idler
polarization settings. A few examples are shown in Fig.
4 for l = 3 , as measured in Ref.[39]. As the idler polar-
ization settings are changed, the coincidence pattern is
modified.
A. OAM quantum correlations in two-photon
vector vortex beams
The two-photon spatial distribution can be written in
the Laguerre-Gaussian basis[43]. However, it is interest-
ing to extend this description for the case of the scheme
with the two-photon-sandwich source. It will be use-
ful for dealing with vector vortex pump beams. The
LG modes are solutions of the paraxial wave equation in
cylindrical coordinates. At the beam waist plane (z = 0),
their mathematical expression in polar coordinates is
ψpl (ρ) = R
p
|l|(ρ) e
ilφ ,
Rp|l|(ρ) =
√
(2/pi) p!
(p+ |l|)!
ρ˜|l|
w0
L|l|p (ρ˜
2) e−ρ˜
2/2 ,
ρ˜ =
√
2 ρ/w0 , (38)
where p is the radial order, l is the topological charge,
(ρ, φ) are the transverse coordinates in the polar system,
w0 is the mode waist and L
|l|
p are the associated Laguerre
polynomials. Pump, signal and idler beams are assumed
to be mode matched, so that their wavefront radii are
equal along the interaction length. This imposes a com-
mon Rayleigh distance zRp = zRs = zRi , which requires
a different waist for each interacting beam according to
zR = piw
2
0j/λj .
The two-photon quantum state generated by the
SPDC process can be cast as a superposition of different
partitions of the pump OAM between signal and idler.
First, let us derive the LG expansion of the correlated
transverse momentum distribution of signal and idler,
v(qs + qi) =
∑
p1,l1
p2,l2
Ap1p2l1l2 ψ˜
p1
l1
(qs) ψ˜
p2
l2
(qi) , (39)
where {ψ˜pl (q)} are the LG mode functions in Fourier do-
main,
ψ˜pl (q) =
1
2pi
∫
ψpl (ρ) e
−iq·ρ d2ρ ,
ψpl (ρ) =
1
2pi
∫
ψ˜pl (q) e
iq·ρ d2q . (40)
Both in the Fourier and position domains, the LG modes
satisfy the following orthonormality∫
ψp ∗l (ρ)ψ
p′
l′ (ρ) d
2ρ = δpp′ δll′ ,∫
ψ˜p ∗l (q) ψ˜
p′
l′ (q) d
2q = δpp′ δll′ , (41)
and completeness∑
p,l
ψp ∗l (ρ)ψ
p
l (ρ
′) = δ(ρ− ρ′) ,
∑
p,l
ψ˜p ∗l (q) ψ˜
p
l (q
′) = δ(q− q′) , (42)
relations. By using them, the LG expansion coefficients
in Eq. (39) are given by
Ap1p2l1l2 =
∫
v(qs + qi) ψ˜
p1 ∗
l1
(qs) ψ˜
p2 ∗
l2
(qi) d
2qs d
2qi . (43)
These coefficients are more easily calculated in the posi-
tion domain. This can be achieved by plugging the in-
verse Fourier transform of ψ˜pl (q) and v(q) into Eq. (43)
7and using the Fourier representation of the Dirac delta
function. The resulting expression is
Ap1p2l1l2 =
∫
W (ρ)ψp1 ∗l1 (ρ)ψ
p2 ∗
l2
(ρ) d2ρ . (44)
With the expansion coefficients in hands, we can rewrite
the two-photon state (19) in the Fock basis of OAM
modes
|Φ〉si = κ
∑
p1,l1
p2,l2
[
Ap1p2l1l2 |p1, l1, H〉s |p2, l2, H〉i
+ Bp1p2l1l2 |p1, l1, V 〉s |p2, l2, V 〉i
]
, (45)
where
|p, l, µ〉 =
∫
d2q ψ˜pl (q) |1q,µ〉 (µ = H,V ) ,
〈p, l, µ|p′, l′, µ′〉 = δpp′δll′δµµ′ , (46)
are single-photon OAM states with polarization µ and
the coefficients Ap1p2l1l2 and B
p1p2
l1l2
are given by Eq. (44)
with WV and WH , respectively.
Let us assume that the pump beam is prepared in a
vector mode of the kind considered in the second exam-
ple of section IV, a superposition of the LG mode (0,−l)
with horizontal polarization and mode (0,+l) with ver-
tical polarization
Ψ(ρ) =
ψ0−l(ρ) eˆH + ψ
0
+l(ρ) eˆV√
2
. (47)
In this case, we have set WV = ψ
0
+l/
√
2 and WH =
ψ0−l/
√
2 and the OAM expansion coefficients are
Ap1p2l1l2 =
√
2piδl,l1+l2
∫
R0|l|(ρ)R
p1 ∗
|l1| (ρ)R
p2 ∗
|l−l1|(ρ) ρ dρ,
Bp1p2l1l2 =
√
2piδ−l,l1+l2
∫
R0|l|(ρ)R
p1 ∗
|l1| (ρ)R
p2 ∗
|l+l1|(ρ) ρ dρ, (48)
where the Kronecker deltas, δl,l1+l2 and δ−l,l1+l2 , re-
sult from the angular integration. They impose the
OAM conservation condition in the two-photon state
(45). Moreover, the following symmetry relations hold
Ap1p2ml−m = B
p1p2
−mm−l ,
Ap1p2ml−m = A
p2p1
l−mm . (49)
They allow us to rewrite the two-photon state in a more
convenient way that makes more evident the simultane-
ous OAM and polarization entanglement
|Φ〉si = κ
∑
p1,p2,m
Ap1p2ml−m × (50)(
|p1,m,H〉 |p2, l −m,H〉+ |p1,−m,V 〉 |p2,m− l, V 〉
)
.
This form of the two-photon vector beam quantum state
exhibits explicitly the simultaneous OAM and polariza-
tion entanglement. It is useful for measurement schemes
LASER
PUMP
H V
H V
(wp , kp)
C
ms0
-1
+1
0
-1
+1 mi
FIG. 5: Setup for OAM correlation measurements. An OAM
analyzer (OA) is used in each detection arm, allowing for
correlation measurements between different outputs of signal
and idler, with topological charges constrained by ms +mi =
±l .
where OAM sorting is implemented in each detection
arm, as depicted in Fig. 5. While this representation of
the OAM sorter is idealized for pedagogic purposes, there
are several types of architectures being developed to this
end, meaning that the OAM sorting opeartion is already
viable with increasing efficiency and resolution[44].
It is instructive to obtain the OAM decomposition of
the spatial correlations. We start by writing the posi-
tive frequency component of the electric field operator in
terms of annihilation operators ajpl and b
j
pl (j = s, i) of
photons in Laguerre-Gaussian modes (p, l) with horizon-
tal and vertical polarizations, respectively,
Eˆ+jH =
∑
pl
ajpl ψ
p
l (ρ) ,
Eˆ+jV =
∑
pl
bjpl ψ
p
l (ρ) . (51)
These annihilation operators are related to those in the
transverse momentum basis through
ajH(q) =
1
2piiEj
∑
pl
ajpl ψ˜
p
l (q) ,
ajpl = 2piiEj
∫
ajH(q) ψ˜
p ∗
l (q) d
2q , (52)
and the equivalent relations for ajV (q) and b
j
pl . The ac-
tion of the OAM annihilation operators on the corre-
sponding Fock states is given by
ajpl |p′, l′, H〉 = bjpl |p′, l′, V 〉 = δpp′δll′ |vac〉 ,
ajpl |p′, l′, V 〉 = bjpl |p′, l′, H〉 = 0 . (53)
In terms of the OAM eigenfunctions, the auxiliary vectors
defined in Eq. (26) for calculating the quantum correla-
8tions become
|βH〉 = Eˆ+iH(ρi)Eˆ+sH(ρs) |Φ〉si
= κ
∑
p1,p2,m
Ap1p2ml−m ψ
p1
m (ρs)ψ
p2
l−m(ρi) |vac〉 ,
|βV 〉 = Eˆ+iV (ρi)Eˆ+sV (ρs) |Φ〉si (54)
= κ
∑
p1,p2,m
Ap1p2ml−m ψ
p1
−m(ρs)ψ
p2
m−l(ρi) |vac〉 .
Finally, the coincidence counts can be calculated from
Eq. (B1) giving
C(ρs,ρi) = κ
2
∣∣∣∣∣ ∑
p1,p2,m
Ap1p2ml−mFp1p2ml−m(ρs,ρi)
∣∣∣∣∣
2
, (55)
where
Fp1p2ml−m(ρs,ρi) = cos θs cos θi ψp1m (ρs)ψp2l−m(ρi) + (56)
+ eiγ+ sin θs sin θi ψ
p1
−m(ρs)ψ
p2
m−l(ρi) ,
and γ+ ≡ γs + γi . Note that Eq. (55) is the Schmidt
decomposition of the coincidence pattern derived in Eq.
(36) in terms of factorized OAM eigenfunctions for sig-
nal and idler. The different components Fp1p2ml−m(ρs,ρi)
can be accessed by mode sorting before each detector, as
indicated in Fig. 6a. First, the H and V polarizations of
signal and idler are separated by polarizing beam split-
ters (PBS) and pass through OAM sorters. Then, the m
component with H polarization is recombined with the
−m component with V polarization in a second PBS at
the signal arm. In the same way, the l −m component
with H polarization and m − l with V polarization are
recombined at the idler arm. Finally, the polarization
information is erased in each arm by analyzers (PA).
Note that two correlation channels are involved. The
OAM components of H−polarized photons add up to l
while those of V−polarized photons add up to −l . Af-
ter polarization erasure, the two channels interfere and
the resulting coincidence pattern is |Fp1p2ml−m(ρs,ρi)|2.
They differ fundamentally from those calculated in sec-
tion IV (see Fig. 4). There, similar patterns are ob-
tained when either ρs or ρi is scanned while the other
remains fixed. Here, due to transverse mode analysis
before detection, the resulting coincidence patterns will
present different shapes, depending on which detector is
scanned. In Fig. 6b we show different OAM correlated
images |F00ml−m(ρs,ρi)|2 for a pump topological charge
l = 2 and polarization analysis set to θs = θi = pi/4 ,
γs = γi = 0 .
VI. CONCLUSION
In conclusion, we present the quantum theory of po-
larization dependent spacial correlations between entan-
gled photons generated by spontaneous parametric down
xs
ys
xi
yi
xs
ys
xi
yi
xs
ys
xi
yi
m = 1
C
IDLER
H
V
PA
(qi ,gi)
l-m PBS
PBS
m-l
SIGNAL
H
V
PA
(qs ,gs)
m PBS
PBS
-m
OA
OA
OA
OA
(a)
(b)
m = 0
m = -1
FIG. 6: (a) Setup for measuring the OAM correlated im-
ages |F00ml−m(ρs,ρi)|2. PBS: polarizing beam splitter, PA:
polarization analyzer, OA: OAM analyzer. (b) Correlation
images between different OAM outputs of signal and idler
with topological charges constrained by ms + mi = ±l and
p1 = p2 = 0 . In this example we have set the pump
topological charge l = 2 and polarization analysis is set to
θs = θi = pi/4 and γs = γi = 0 . The images at the signal
(idler) plane are calculated with the idler (signal) detector
fixed at xi = w0
√|l −m| /2 , yi = 0 (xs = w0√|m| /2 ,
ys = 0) for optimal coincidence amplitude.
conversion. The scheme studied is based on a hyper-
entangled photon source composed by two nonlinear crys-
tals to produce simultaneous nonlocal correlations in the
spin and orbital angular momentum of entangled pho-
ton pairs. A structured pump beam, carrying internal
non separability between its polarization and transverse
mode, can generate spin-orbit hyperentangled photon
pairs through SPDC. The two-photon spin-orbit quan-
9tum state generated by the process is derived and the
corresponding quantum correlations are calculated both
in position and OAM domains. We show how the spa-
tial correlations between signal and idler fields can be
shaped by different settings of remote polarizers placed
before their respective detectors. As an example, we
show that Hermite-Gaussian and Laguerre-Gaussian co-
incidence distribution over the signal coordinates can
be transformed by the remote control of the idler po-
larization settings. This resembles the behavior of a
vector beam and, in this sense, we interpret this type
of two-photon spin-orbit structure as a nonlocal vector
beam. Moreover, the Schmidt decomposition in terms
of Laguerre-Gaussian modes gives rise to different types
of polarization dependent spatial correlations that can be
accessed with mode filtering techniques. This subject can
be further exploited with recently reported developments
based on machine learning to recognize and classify non-
trivial two-photon polarization patterns [45].
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Appendix A: Individual Intensities
We will workout explicitly the intensity of horizontally
polarized signal photons. The extension to vertical po-
larization and to idler photons is straightforward.
Ij = ‖cos θj |αjH〉+ sin θj eiγj |αjV 〉‖2 , (A1)
The corresponding auxiliary vector becomes
|αsH〉 = iκEs
∫
d2qiGV (qi,ρs) |1qi,V 〉 , (A2)
where
GV (qi,ρs) ≡
∫
d2qs v
p
V (qs + qi) e
i[qs·ρs+ϕ(qs)] (A3)
= e
−i
(
qi·ρs+ q
2
i
2ks
zs
)
WV
(
ρs +
zs
2ks
qi , zs
)
.
Using the orthonormality condition for the Fock states
〈nq,µ|mq′,ν〉 = δnm δµν δ(q−q′) , we have 〈αsH |αsV 〉 = 0
and
〈αsH |αsH〉 = κ2E2s
∫
d2qi
∣∣∣∣WV (ρs + zs2ksqi , zs
)∣∣∣∣2
= κ2E2s
∫
d2ρ |WV (ρ, 0)|2 , (A4)
assuming WV to be normalizable. Along the same lines
we can easily arrive at
〈αsV |αsV 〉 = κ2E2s
∫
d2qi
∣∣∣∣WH (ρs + zs2ksqi , zs
)∣∣∣∣2
= κ2E2s
∫
d2ρ |WH (ρ, 0)|2 . (A5)
Moreover,the same deduction can be applied to the idler
individual intensity and we finally get
Ij = cos
2 θjIH + sin2 θjIV , (A6)
with j = s, i and
IH(V ) = κ2E2s
∫
d2ρ
∣∣WV (H) (ρ)∣∣2 . (A7)
Note that after integration, no spatial dependence is left
in the individual intensities. This means that the pump
spatial properties are washed out in the individual inten-
sity of the signal beam.
Appendix B: Coincidence Counts
The coincidence count can be obtained from the fol-
lowing norm,
C(ρs,ρi) = (B1)∣∣∣∣∣∣cos θs cos θi |βH〉 + sin θs sin θi ei(γs+γi) |βV 〉∣∣∣∣∣∣2 .
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This norm can be calculated by writing the auxiliary vec-
tors in terms of the vacuum state as follows,
|βµ〉 = −κEsEi
∫
d2qs
∫
d2qi v
p
µ′(qs + qi)
× ei[qs·ρs+qi·ρi+ϕ(qs)+ϕ(qi)] |vac〉
= −κEsEi |J |2
∫
d2q− ei[q−·ρ−+ϕ(q−)]
×
∫
d2q+ v
p
µ′(q+) e
i[q+·ρ++ϕ(q+)] |vac〉 , (B2)
where µ 6= µ′ and we defined
q+ = qs + qi , q− =
kizs
kszi
qs − qi ,
ρ+ =
kszi ρs + kizs ρi
kszi + kizs
, ρ− =
kizs (ρs − ρi)
kszi + kizs
,
ϕ(q+) = kszs + kizi −
(
kszi
kszi + kizs
)
zs
2ks
q2+ ,
ϕ(q−) = −
(
kszi
kszi + kizs
)
zi
2ki
q2− ,
J = − kszi
kszi + kizs
. (B3)
The integrals in (B2) are considerably simplified by as-
suming zs = zi = z and using ks + ki = kp ,∫
d2q− ei[q−·ρ−+ϕ(q−)] = e−i
kpki
ks
ρ2−
2z ,∫
d2q+ v
p
µ′(q+) e
i[q+·ρ++ϕ(q+)] = Wµ′ (ρ+, z) . (B4)
The integration on q− gives an irrelevant phase factor,
while that on q+ brings the pump spatial properties as a
function of the joint positions of signal and idler. Thus,
we arrive at the following result for the auxiliary vectors
|βµ〉 = −κEsEi |J |2 e−i
kpki
ks
ρ2−
2z Wµ′ (ρ+, z) |vac〉 . (B5)
Finally, the intensity correlations are given by
C(ρs,ρi) = K
2
∣∣∣cos θs cos θiWV (ρ+, z)
+ sin θs sin θi e
i(γs+γi)WH (ρ+, z)
∣∣∣2 . (B6)
where K ≡ κEsEi |J |2 .
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